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Abstract
We consider a defect solution in the AdS black hole spacetime. This is a generalization of
the previous work [1] to another spacetime. This system consists of D3 and D5 branes. The
equation of motion for a sort of non-local operator, “an interface,” is given and its numerical
solution is shown by the numerical calculation.
We also consider a string extends between this interface and the boundary of the AdS
spacetime. This corresponds the quark-interface potential in the boundary theory of the bulk
black hole spacetime. This result gives a new example of holographic relation which includes
the gauge flux in the probe D5-brane.
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1 Introduction
In [1] we considered a sort of non-local operator called “an interface.” This system consists of the
multiple D3-branes and a probe D5-brane. Here the D3-branes form the AdS5 × S5 spacetime.
In this previous work we solved the equation of motion of the probe D5-brane and obtained
its solution. This corresponds to the fuzzy funnel in the gauge theory side. The result showed
that these nonlocal operators introduce a parameter which enables us to compare the results
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from gauge theory and gravity theory. This new parameter is related to the gauge flux on the
D5-brane.
In this paper we would like to generalize the background spacetime to black hole spacetime.
The result of this paper will be useful for future works about the AdS/CFT correspondence.
For our system including the interface, the whole action consists of the Einstein-Hilbert term
and the D5-brane term. In order to find the effect of the probe brane we focus on the latter
term in this paper. From this action we obtain the equation of motion of the D5-brane and
obtain its solution. This reveals the black hole mass dependence of the form of the interface
and also the flux dependence.
A new point of this paper is the introduction of the flux on the probe brane system. The
gauge flux is used also in the context of the compactification [2]. An importance of the gauge
flux becomes clear in comparing holographic quantities. In this paper [1] we showed such a
comparison in the context of the D3/D5 system. It consists of multiple D3-branes and a probe
D5-brane. In the boundary theory it describes a gauge theory with a defect called the interface.
In general the gauge theory calculation is simpler in small ’t Hooft coupling λ region while the
gravitational calculation is simple in large coupling region. A new parameter relating gauge
flux, k, enables us to compare the gauge theoretical and gravitational results. The holographic
results are obtained in the power series of λ/k2. By tuning the value of k we can suppress the
value λ/k2 although λ is large. We can compare the results in the leading order of power series
of λ/k2.
We also calculate the action of the fundamental string ending on the D5-brane. This corre-
sponds the potential energy between a quark and the interface on the boundary gauge theory.
It gives the confinement energy [3, 4, 5, 6].
I would also like to mention about related topics. This is the motivation to consider the black
hole spacetime. In recent physics Complexity-Action (CA) relation [7, 8] is interest and impor-
tant theme. An important concept to study inside the horizon is “complexity” [9]. Complexity
is very important for studying the information paradox or firewall problem. According to CA
relation, complexity is equal to the action calculated in the region called the Wheeler-DeWitt
(WDW) patch. This is a certain spacetime region defined by a given time.
This holographic relation is studied also in the gauge theories. The definition of this quantity
from gauge theory side is unknown and studied actively, for example, in fermionic theory [10].
To this end the properties of complexity are demanded [11, 12, 13, 14, 15, 16]. We studied
the effect of the fundamental string for the complexity growth in the previous works [17, 18].
The study of complexity by using nonlocal operators is very useful method to reveal unknown
properties of complexity because complexity is known to be non-local [19, 20]. The interface we
study in this paper is a kind of nonlocal operator which has one codimension. This operator
divides the whole space into two gauge theories which have two different gauge groups and
studied recently, for example, in [21, 22]. In our past work [1] we studied the interface solution
in spacetime AdS5 × S5.
This paper is organized as follows. In section 2 we set up the AdS5×S5 black hole spacetime
and find the equation of motion of the interface. Following the same method used in [1] we obtain
the equation which the interface obeys. We show the solution of this equation by operating
the numerical calculation in section 3. Following them we calculate the D5-brane action of this
interface in section 4. This action is defined by integrating on the specific region called the WDW
patch. This calculation is very important for studying the effect to complexity. Furthermore we
calculate the action for the fundamental string ending on the interface in section 5. We treat
the case where there is no flux because we find this is only the case the probe D5-brane enter
the black hole horizon.
2
2 Action and Equation of motion
Here we would like to find the interface solution in black hole spacetime. In supergravity side
this interface corresponds to the probe D5-brane. In this section we obtain the equation of
motion of this probe D5-brane following the method in [1].
The action consists of two terms. These are the Dirac-Born-Infeld term and the Wess-Zumino
term:
SD5 = −T5
∫ √
−det(G+ F) + T5
∫
F ∧ C4. (1)
The metric is
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dΩ23 + dΩ
2
5, (2)
f(r) = 1− r
2
m
r2
+ r2, r2m =
8M
3pi
,
where dΩ25 is the metric on S
5 and dΩ23 is another sphere which is a subspace of AdS5. The
worldvolume of the D5-brane is spanned by coordinates,
t, r, ϑ, ψ1, ψ2, θ, φ; ϑ, ψ1 ∈ [0, pi], ψ2 ∈ [0, 2pi), (3)
where t, r, ϑ, ψ1 and ψ2 are the coordinates on AdS5 spacetime and θ and φ are the coordinates
on S2 subspace of S5. In these coordinates the S3 metric is explicitly
dΩ23 = dϑ
2 + sin2 ϑdψ21 + sin
2 ϑ sin2 ψ1dψ
2
2. (4)
We assume that ϑ is a function of r,
ϑ = ϑ(r), (5)
and there is the gauge flux
F = −κdθ ∧ (sin θdφ). (6)
The Wess-Zumino term consists of this gauge flux and the Ramond-Ramond 4-from,
C4 = −r4dt ∧ dϑ ∧ (sinϑdψ1) ∧ (sinϑ sinψ1dψ2) + 4α4, (7)
where α4 is a 4-form which satisfies dα4 = (volume of S
5). From these assumptions the induced
metric is
ds2ind = −f(r)dt2 +
( 1
f(r)
+ r2ϑ′(r)2
)
dr2 + r2 sin2 ϑdΩ22 + dθ
2 + sin2 θdφ2, (8)
dΩ22 := dψ
2
1 + sin
2 ψ21dψ
2
2. (9)
Adding the gauge flux, its determinant is
G+ F =

−f(r)
1/f(r) + r2ϑ′2
r2 sin2 ϑ
r2 sin2 ϑ sin2 ψ1
1 −κ sin θ
κ sin θ sin2 θ
 ,
⇒
√
−det[G+ F ] = r2 sin θ(sin2 ϑ sinψ1)
√
(1 + κ2)(1 + r2ϑ′2f(r)) = −LDBI/T5. (10)
The Wess-Zumino term is from the gauge flux and the Ramond-Ramond 4-form
SWZ/T5 = 4piTκ
∫
dϑr4V (ϑ) = (4pi)2Tκ
∫
dr(sin2 ϑ)r4ϑ′(r), (11)
3
where T is the integration along the time direction and V (ϑ) is the volume of S2 with radius
sinϑ which is sin2 ϑ times 4pi.
We change the variables as z = 1/r and ϕ = pi/2 − ϑ. Introducing a parameter expression
(r(τ), ϕ(τ)), the Lagrangian is
SD5
T5(4pi)2T
= −
∫
dτL, L =
√
1 + κ2
2
cos(2ϕ)
z4
(
√
z˙2 + g(z)ϕ˙2 −Kϕ˙), (12)
g(z) := z2f(z) = 1 + z2 − r2mz4, (13)
K :=
κ√
1 + κ2
, (14)
where for convenience we defined K which represents the strength of the gauge flux. It takes
values from 0 to 1.
The equations of motion are
z :
d
dτ
(cos2 ϕ
z4
z˙√
z˙2 + gϕ˙2
)
+ 4
cos2 ϕ
z5
(
√
z˙2 + gϕ˙2 −Kϕ˙)− cos
2 ϕ
z4
g′(z)ϕ˙2
2
√
z˙2 + gϕ˙2
= 0, (15a)
ϕ :
d
dτ
(cos2 ϕ
z4
( gϕ˙√
z˙2 + gϕ˙2
−K
))
+
2 sinϕ cosϕ
z4
(
√
z˙2 + gϕ˙2 −Kϕ˙) = 0. (15b)
Define uz := dz/dτ , uϕ := dϕ/dτ and use the constraint u
2
z + gu
2
ϕ = 1 to fix gauge degrees of
freedom. The equations are
dz
dτ
= uz, (16a)
dϕ
dτ
= uϕ, (16b)
duz
dτ
= 2uzuϕ tanϕ− 4uϕ
z
(guϕ −K) + 1
2
g′u2ϕ, (16c)
duϕ
dτ
= −2u
2
z
g
tanϕ+
4uz
zg
(guϕ −K)− g
′
g
uzuϕ. (16d)
We can check the validity of the constraint, u2z + gu
2
ϕ = 1, as follows: By multiplying 1/uϕ to
the third equation and g/uz to the forth equation,
1
uϕ
duz
dτ
= 2uz tanϕ− 4
z
(guϕ −K) + 1
2
g′uϕ,
g
uz
duϕ
dτ
= −2uz tanϕ+ 4
z
(guϕ −K)− g′uϕ.
By adding them,
1
uϕ
duz
dτ
+
g
uz
duϕ
dτ
+
g′
2
uϕ = 0 ⇒ uz duz
dτ
+ guϕ
duϕ
dτ
+
g′
2
uzu
2
ϕ =
1
2
d
dτ
(u2z + gu
2
ϕ) = 0.
Then u2z + gu
2
ϕ is constant as we defined it as unity.
3 Interface solution
The solution of differential equations (16) is obtained by the numerical calculation. It gives the
embedding of the probe D5-brane in AdS5 × S5 spacetime. For the calculation we impose the
boundary condition so that the D5-brane behaves in the same way to the solution in Ref. [1],
ϕ = κz, because far from the black hole its gravitational effect can be negligible.
Near the boundary, r → ∞ (z ≈ 0), the metric (2) has the singularity. In order to avoid
it, we choose a small value z = z0 ≈ 0 and begin the numerical calculation with the initial
condition ϕ0 = κz0.
4
The plots for different masses are shown in Figure 1. For larger masses the D5-brane bends
tightly. For rm = 200 case, the location of the horizon is zh ≈ 0.07 and the D5-brane avoids to
exceed this line. Then we can find that the probe brane does not enter the inner of the black
holes.
The behavior for various values of the flux is drawn in Figure 2 and Figure 3. These figures
are plotted for mass rm = 10. From this results we see that the D5-brane can enter the horizon
only in the K = 0 case. For small K values the degrees of slope is small at the boundary
(z = 0) and the probe D5-brane can approach the horizon closer. As we can see from Figure 3
the D5-brane bend tightly to avoid the horizon for small values of gauge fluxes. For example
the horizon is located at zh = 0.3242 for mass rm = 10.
A roughly sketch of the whole form of the D5-brane is shown in Figure 4. The circumference
of a semi-circle represents the boundary of the AdS spacetime and its interior is the bulk
spacetime. The shaded area represents the inner of the black hole and its border is the black
hole horizon. For larger black holes the horizon becomes larger and the D5-brane does not
penetrate the horizon. Then the D5-brane bends in the vicinity of the boundary. In the case
[1] there are only one defect on the boundary theory. However we have two interfaces in the
boundary theory. The gauge group of the boundary gauge theories differ in the both sides of the
interface and its difference depends on k. Therefore the boundary space is separated into three
regions where three different gauge theories with gauge groups, for example SU(N), SU(N −k),
and SU(N), live.
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Figure 2: K dependence (rm = 10)
As a consequence, we find that the boundary gauge theory has one interface for K = 0 and
there are two gauge theories. However, unlike the result of Ref.[1], the gauge groups of these
two gauge theories are the same because K = 0 means k = 0.
For K 6= 0 there are two interfaces, they separate the boundary into two regions where gauge
theories have different gauge groups by k, namely, SU(N) and SU(N − k).
4 Calculation of the DBI action
To study complexity according to CA relation, we need the action integrated in the region called
WDW patch. This time development is obtained by integrating inside the horizon (Figure 5).
In the previous section, we found the probe D5-brane can enter the horizon only for the case
of no gauge flux. Then the presence of this probe brane affects only in the zero flux case.
The action for describing this system consists of a bulk term, a surface term and a DBI
term. In order to find the effect of the probe D5-brane we have to calculate the last term. That
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(rm = 10)
z = 0
<latexit sha1_base64="YTWXX+Jz4lhmLakFBRTPK5QPyN4=">AAACAXicZZDLSgMxFIYzXmu9VV26CRbBRSkzIqgLoejGZUXHFtqh ZNJMG5rLkGSEOnTn1q2+gytx65P4Cj6FmeksbHsgycd/csifP4wZ1cZ1f5yl5ZXVtfXSRnlza3tnt7K3/6hlojDxsWRStUOkCaOC+IYaRtqxIoiHjLTC0U3Wbz0RpakUD2Yck4CjgaARxchY6f75yu1Vqm7dzQsugldAFRTV7FV+u32JE06EwQxp3fHc2ARpKOVoUu4mmsQIj9CA dCwKxIkO0tznBB5bpQ8jqewSBubq/4kUcZ11dM0CR2ZYyzalo1zQYx5mpxnyGtKYIzzzXIoZsT8l0ZwJE10EKRVxYojAUw9RwqCRMMsD9qki2LCxBYQVNRRDPEQKYWNTK9twvPkoFsE/rV/WvbuzauO6SKkEDsEROAEeOAcNcAuawAcYDMAreAPvzovz4Xw6X9OrS04xcwBmyvn+ A7zbl9M=</latexit><latexit sha1_base64="YTWXX+Jz4lhmLakFBRTPK5QPyN4=">AAACAXicZZDLSgMxFIYzXmu9VV26CRbBRSkzIqgLoejGZUXHFtqh ZNJMG5rLkGSEOnTn1q2+gytx65P4Cj6FmeksbHsgycd/csifP4wZ1cZ1f5yl5ZXVtfXSRnlza3tnt7K3/6hlojDxsWRStUOkCaOC+IYaRtqxIoiHjLTC0U3Wbz0RpakUD2Yck4CjgaARxchY6f75yu1Vqm7dzQsugldAFRTV7FV+u32JE06EwQxp3fHc2ARpKOVoUu4mmsQIj9CA dCwKxIkO0tznBB5bpQ8jqewSBubq/4kUcZ11dM0CR2ZYyzalo1zQYx5mpxnyGtKYIzzzXIoZsT8l0ZwJE10EKRVxYojAUw9RwqCRMMsD9qki2LCxBYQVNRRDPEQKYWNTK9twvPkoFsE/rV/WvbuzauO6SKkEDsEROAEeOAcNcAuawAcYDMAreAPvzovz4Xw6X9OrS04xcwBmyvn+ A7zbl9M=</latexit><latexit sha1_base64="YTWXX+Jz4lhmLakFBRTPK5QPyN4=">AAACAXicZZDLSgMxFIYzXmu9VV26CRbBRSkzIqgLoejGZUXHFtqh ZNJMG5rLkGSEOnTn1q2+gytx65P4Cj6FmeksbHsgycd/csifP4wZ1cZ1f5yl5ZXVtfXSRnlza3tnt7K3/6hlojDxsWRStUOkCaOC+IYaRtqxIoiHjLTC0U3Wbz0RpakUD2Yck4CjgaARxchY6f75yu1Vqm7dzQsugldAFRTV7FV+u32JE06EwQxp3fHc2ARpKOVoUu4mmsQIj9CA dCwKxIkO0tznBB5bpQ8jqewSBubq/4kUcZ11dM0CR2ZYyzalo1zQYx5mpxnyGtKYIzzzXIoZsT8l0ZwJE10EKRVxYojAUw9RwqCRMMsD9qki2LCxBYQVNRRDPEQKYWNTK9twvPkoFsE/rV/WvbuzauO6SKkEDsEROAEeOAcNcAuawAcYDMAreAPvzovz4Xw6X9OrS04xcwBmyvn+ A7zbl9M=</latexit><latexit sha1_base64="YTWXX+Jz4lhmLakFBRTPK5QPyN4=">AAACAXicZZDLSgMxFIYzXmu9VV26CRbBRSkzIqgLoejGZUXHFtqh ZNJMG5rLkGSEOnTn1q2+gytx65P4Cj6FmeksbHsgycd/csifP4wZ1cZ1f5yl5ZXVtfXSRnlza3tnt7K3/6hlojDxsWRStUOkCaOC+IYaRtqxIoiHjLTC0U3Wbz0RpakUD2Yck4CjgaARxchY6f75yu1Vqm7dzQsugldAFRTV7FV+u32JE06EwQxp3fHc2ARpKOVoUu4mmsQIj9CA dCwKxIkO0tznBB5bpQ8jqewSBubq/4kUcZ11dM0CR2ZYyzalo1zQYx5mpxnyGtKYIzzzXIoZsT8l0ZwJE10EKRVxYojAUw9RwqCRMMsD9qki2LCxBYQVNRRDPEQKYWNTK9twvPkoFsE/rV/WvbuzauO6SKkEDsEROAEeOAcNcAuawAcYDMAreAPvzovz4Xw6X9OrS04xcwBmyvn+ A7zbl9M=</latexit>
zh
<latexit sha1_base64="bhYHsUdxO9GA1yOmSlkBeDmkrmk=">AAACCHicZZDLSgMxFIYz 3q23qks3g0VwUcqMCOqu6MalgrXFtpRMesaG5jIkZ8Q69AncutV3cCVufQtfwacw03ah7YEkH//JIX/+KBHcYhB8e3PzC4tLyyurhbX1jc2t4vbOrdWpYVBjWmjTiKgFwRXUkKOARmKAykh APepf5P36AxjLtbrBQQJtSe8Vjzmj6KS7p04L4RGz3rBTLAWVYFT+LIQTKJFJXXWKP62uZqkEhUxQa5thkGA7i7TuDwut1EJCWZ/eQ9OhohJsOxvZHfoHTun6sTZuKfRH6t+JjEqbd2zZgaT YK+ebsfFIsAMZ5Sf2ZJlaJin791zGBLgPQzxlAuPTdsZVkiIoNvYQp8JH7eex+F1ugKEYOKDMcOTMZz1qKEMXXsGFE05HMQu1o8pZJbw+LlXPJymtkD2yTw5JSE5IlVySK1IjjCjyQl7Jm/ fsvXsf3uf46pw3mdkl/8r7+gVb6JuM</latexit><latexit sha1_base64="bhYHsUdxO9GA1yOmSlkBeDmkrmk=">AAACCHicZZDLSgMxFIYz 3q23qks3g0VwUcqMCOqu6MalgrXFtpRMesaG5jIkZ8Q69AncutV3cCVufQtfwacw03ah7YEkH//JIX/+KBHcYhB8e3PzC4tLyyurhbX1jc2t4vbOrdWpYVBjWmjTiKgFwRXUkKOARmKAykh APepf5P36AxjLtbrBQQJtSe8Vjzmj6KS7p04L4RGz3rBTLAWVYFT+LIQTKJFJXXWKP62uZqkEhUxQa5thkGA7i7TuDwut1EJCWZ/eQ9OhohJsOxvZHfoHTun6sTZuKfRH6t+JjEqbd2zZgaT YK+ebsfFIsAMZ5Sf2ZJlaJin791zGBLgPQzxlAuPTdsZVkiIoNvYQp8JH7eex+F1ugKEYOKDMcOTMZz1qKEMXXsGFE05HMQu1o8pZJbw+LlXPJymtkD2yTw5JSE5IlVySK1IjjCjyQl7Jm/ fsvXsf3uf46pw3mdkl/8r7+gVb6JuM</latexit><latexit sha1_base64="bhYHsUdxO9GA1yOmSlkBeDmkrmk=">AAACCHicZZDLSgMxFIYz 3q23qks3g0VwUcqMCOqu6MalgrXFtpRMesaG5jIkZ8Q69AncutV3cCVufQtfwacw03ah7YEkH//JIX/+KBHcYhB8e3PzC4tLyyurhbX1jc2t4vbOrdWpYVBjWmjTiKgFwRXUkKOARmKAykh APepf5P36AxjLtbrBQQJtSe8Vjzmj6KS7p04L4RGz3rBTLAWVYFT+LIQTKJFJXXWKP62uZqkEhUxQa5thkGA7i7TuDwut1EJCWZ/eQ9OhohJsOxvZHfoHTun6sTZuKfRH6t+JjEqbd2zZgaT YK+ebsfFIsAMZ5Sf2ZJlaJin791zGBLgPQzxlAuPTdsZVkiIoNvYQp8JH7eex+F1ugKEYOKDMcOTMZz1qKEMXXsGFE05HMQu1o8pZJbw+LlXPJymtkD2yTw5JSE5IlVySK1IjjCjyQl7Jm/ fsvXsf3uf46pw3mdkl/8r7+gVb6JuM</latexit><latexit sha1_base64="bhYHsUdxO9GA1yOmSlkBeDmkrmk=">AAACCHicZZDLSgMxFIYz 3q23qks3g0VwUcqMCOqu6MalgrXFtpRMesaG5jIkZ8Q69AncutV3cCVufQtfwacw03ah7YEkH//JIX/+KBHcYhB8e3PzC4tLyyurhbX1jc2t4vbOrdWpYVBjWmjTiKgFwRXUkKOARmKAykh APepf5P36AxjLtbrBQQJtSe8Vjzmj6KS7p04L4RGz3rBTLAWVYFT+LIQTKJFJXXWKP62uZqkEhUxQa5thkGA7i7TuDwut1EJCWZ/eQ9OhohJsOxvZHfoHTun6sTZuKfRH6t+JjEqbd2zZgaT YK+ebsfFIsAMZ5Sf2ZJlaJin791zGBLgPQzxlAuPTdsZVkiIoNvYQp8JH7eex+F1ugKEYOKDMcOTMZz1qKEMXXsGFE05HMQu1o8pZJbw+LlXPJymtkD2yTw5JSE5IlVySK1IjjCjyQl7Jm/ fsvXsf3uf46pw3mdkl/8r7+gVb6JuM</latexit>
Small black holes Large black holes
zh
<latexit sha1_base64="bhYHsUdxO9GA1yOmSlkBeDmkrmk=">AAACCHicZZDLSgM xFIYz3q23qks3g0VwUcqMCOqu6MalgrXFtpRMesaG5jIkZ8Q69AncutV3cCVufQtfwacw03ah7YEkH//JIX/+KBHcYhB8e3PzC4tLyyurhbX1jc2t4vbOrdWpYVBjWmjTiKgFw RXUkKOARmKAykhAPepf5P36AxjLtbrBQQJtSe8Vjzmj6KS7p04L4RGz3rBTLAWVYFT+LIQTKJFJXXWKP62uZqkEhUxQa5thkGA7i7TuDwut1EJCWZ/eQ9OhohJsOxvZHfoHTun 6sTZuKfRH6t+JjEqbd2zZgaTYK+ebsfFIsAMZ5Sf2ZJlaJin791zGBLgPQzxlAuPTdsZVkiIoNvYQp8JH7eex+F1ugKEYOKDMcOTMZz1qKEMXXsGFE05HMQu1o8pZJbw+LlXPJ ymtkD2yTw5JSE5IlVySK1IjjCjyQl7Jm/fsvXsf3uf46pw3mdkl/8r7+gVb6JuM</latexit><latexit sha1_base64="bhYHsUdxO9GA1yOmSlkBeDmkrmk=">AAACCHicZZDLSgM xFIYz3q23qks3g0VwUcqMCOqu6MalgrXFtpRMesaG5jIkZ8Q69AncutV3cCVufQtfwacw03ah7YEkH//JIX/+KBHcYhB8e3PzC4tLyyurhbX1jc2t4vbOrdWpYVBjWmjTiKgFw RXUkKOARmKAykhAPepf5P36AxjLtbrBQQJtSe8Vjzmj6KS7p04L4RGz3rBTLAWVYFT+LIQTKJFJXXWKP62uZqkEhUxQa5thkGA7i7TuDwut1EJCWZ/eQ9OhohJsOxvZHfoHTun 6sTZuKfRH6t+JjEqbd2zZgaTYK+ebsfFIsAMZ5Sf2ZJlaJin791zGBLgPQzxlAuPTdsZVkiIoNvYQp8JH7eex+F1ugKEYOKDMcOTMZz1qKEMXXsGFE05HMQu1o8pZJbw+LlXPJ ymtkD2yTw5JSE5IlVySK1IjjCjyQl7Jm/fsvXsf3uf46pw3mdkl/8r7+gVb6JuM</latexit><latexit sha1_base64="bhYHsUdxO9GA1yOmSlkBeDmkrmk=">AAACCHicZZDLSgM xFIYz3q23qks3g0VwUcqMCOqu6MalgrXFtpRMesaG5jIkZ8Q69AncutV3cCVufQtfwacw03ah7YEkH//JIX/+KBHcYhB8e3PzC4tLyyurhbX1jc2t4vbOrdWpYVBjWmjTiKgFw RXUkKOARmKAykhAPepf5P36AxjLtbrBQQJtSe8Vjzmj6KS7p04L4RGz3rBTLAWVYFT+LIQTKJFJXXWKP62uZqkEhUxQa5thkGA7i7TuDwut1EJCWZ/eQ9OhohJsOxvZHfoHTun 6sTZuKfRH6t+JjEqbd2zZgaTYK+ebsfFIsAMZ5Sf2ZJlaJin791zGBLgPQzxlAuPTdsZVkiIoNvYQp8JH7eex+F1ugKEYOKDMcOTMZz1qKEMXXsGFE05HMQu1o8pZJbw+LlXPJ ymtkD2yTw5JSE5IlVySK1IjjCjyQl7Jm/fsvXsf3uf46pw3mdkl/8r7+gVb6JuM</latexit><latexit sha1_base64="bhYHsUdxO9GA1yOmSlkBeDmkrmk=">AAACCHicZZDLSgM xFIYz3q23qks3g0VwUcqMCOqu6MalgrXFtpRMesaG5jIkZ8Q69AncutV3cCVufQtfwacw03ah7YEkH//JIX/+KBHcYhB8e3PzC4tLyyurhbX1jc2t4vbOrdWpYVBjWmjTiKgFw RXUkKOARmKAykhAPepf5P36AxjLtbrBQQJtSe8Vjzmj6KS7p04L4RGz3rBTLAWVYFT+LIQTKJFJXXWKP62uZqkEhUxQa5thkGA7i7TuDwut1EJCWZ/eQ9OhohJsOxvZHfoHTun 6sTZuKfRH6t+JjEqbd2zZgaTYK+ebsfFIsAMZ5Sf2ZJlaJin791zGBLgPQzxlAuPTdsZVkiIoNvYQp8JH7eex+F1ugKEYOKDMcOTMZz1qKEMXXsGFE05HMQu1o8pZJbw+LlXPJ ymtkD2yTw5JSE5IlVySK1IjjCjyQl7Jm/fsvXsf3uf46pw3mdkl/8r7+gVb6JuM</latexit>
 = 0
<latexit sha1_base64="vX7nRDgmZLW1xes/Wxa67KeM7Gw=">AAACHXicZVBNaxsxENWmaeI4beK2x1xETCAHY3abQHspmPaSowt xEmIbMzuetYX1sUjagFn8L3pt+2t6K7mW/plSre1D7DyQ9HgzIz29NJfC+Tj+G+282H25t187qB++en103Hjz9saZwiL10Ehj71JwJIWmnhde0l1uCVQq6Tadfanqtw9knTD62s9zGiqYaJEJBB+k+8EM8hz4Jx6PGs24HS/Bn5NkTZpsje6o8W8wNlgo0h4lONdP4twPy9S Y2aI+KBzlgDOYUD9QDYrcsFzaXfCzoIx5ZmxY2vOl+nSiBOWqimsFosBPW9VmXbYU3Fyl1emnqgUOFeDGcyVKCh+mbMuEzz4OS6HzwpPGlYeskNwbXsXCx8ISejkPBNAKL5DjFCygD+Ft3g8aSS7qIbBkO57n5OZ9O7lox18vm53P6+hq7ISdsnOWsA+sw65Yl/UYMs2+se/ sR/Qz+hX9jh5XrTvReuYd20D05z/8tqLL</latexit>

⌧
1
<latexit sha1_base64="ULs2Ah9q3+m5TopNlb0EsCSWeaY="></latexit>
 ⇠ 1<latexit sha1_base64="6qOh8SoYPk9JG3nYyoNR4vy8LrQ=">AAACH3icdVDLahsxFNUkfSTuy02W3YiaQhfGzDgmTnah3WSZQpwEM ibcub4TC+uFpAmYwb/RbduvyS50m58J0Tgu1IUekHQ4917p6BRWCh/S9D7Z2Hz2/MXLre3Wq9dv3r5rv98586ZySCM00riLAjxJoWkURJB0YR2BKiSdF7OvTf38hpwXRp+GuaWxgmstSoEQopTnM7AWci8Uz67anbR3eLDfH+zztJemw6yfNaQ/HOwNeBaVBh22wslV+yGfGKwU6YA SvL/MUhvGdWHMbNHKK08WcAbXdBmpBkV+XC8NL/inqEx4aVxcOvCl+vdEDco3Fd+NREGYdpvN+XIp+LkqmjNMVRc8KsC152qUFL9M5T8mQnkwroW2VSCNTx7KSvJgeBMMnwhHGOQ8EkAngkCOU3CAIca3fj9oJLloxcD+pML/T876vWyvl34bdI6+rKLbYh/YR/aZZWzIjtgxO2Ejh syy7+wH+5n8Sm6Tu+T3U+tGsprZZWtI7h8B52Wkag==</latexit>
 = 0
<latexit sha1_base64="vX7nRDgmZLW1xes/Wxa67KeM7Gw=">AAACHXicZVBNaxsxENWmaeI4beK2x1xETCAHY3abQHspmPaSowt xEmIbMzuetYX1sUjagFn8L3pt+2t6K7mW/plSre1D7DyQ9HgzIz29NJfC+Tj+G+282H25t187qB++en103Hjz9saZwiL10Ehj71JwJIWmnhde0l1uCVQq6Tadfanqtw9knTD62s9zGiqYaJEJBB+k+8EM8hz4Jx6PGs24HS/Bn5NkTZpsje6o8W8wNlgo0h4lONdP4twPy9S Y2aI+KBzlgDOYUD9QDYrcsFzaXfCzoIx5ZmxY2vOl+nSiBOWqimsFosBPW9VmXbYU3Fyl1emnqgUOFeDGcyVKCh+mbMuEzz4OS6HzwpPGlYeskNwbXsXCx8ISejkPBNAKL5DjFCygD+Ft3g8aSS7qIbBkO57n5OZ9O7lox18vm53P6+hq7ISdsnOWsA+sw65Yl/UYMs2+se/ sR/Qz+hX9jh5XrTvReuYd20D05z/8tqLL</latexit>

⌧
1
<latexit sha1_base64="ULs2Ah9q3+m5TopNlb0EsCSWeaY=">AAACHnicdVBNaxsxENUmaZu6X2567EXEFHowRuskjX0LySXHFOokYJswO56NhfWxSNqCWfwzem3za3ILuTZ/plTruFAX+kDS482M9PSyQkkfhHhINja3njx9tv288eLlq9dvmm93zr0tHdIArbLuMgNPShoaBBkUXRaOQGeKLrLZSV2/+ErOS2u+hHlBYw3XRuYSIURpOJpBUcBIKZ5eNVui0z0Q/cMeF50Dkfb3u5EI0et/EjyNpEaLrXB21fw1mlgsNZmACrwfpqII4yqzdrZojEpPBeAMrmkYqQFNflwt/S74h6hMeG5dXCbwpfr3RAXa1xXfjkRDmLbrzfl8Kfi5zuozTHUbPGrAtecqVBR/TPk/JkLeG1fSFGUgg48 e8lLxYHmdC59IRxjUPBJAJ4NEjlNwgCGmt34/GCS1aMTA/qTC/0/Ou510ryM+77eOjlfRbbP3bJd9ZCk7ZEfslJ2xAUNm2Tf2nf1IbpLb5C65f2zdSFYz79gakp+/AQ01o/g=</latexit>
 ⇠ 1
<latexit sha1_base64="6qOh8SoYPk9JG3nYyoNR4vy8LrQ=">AAACH3icdVDLahsxFNUkfSTuy02W3YiaQhfGzDgmTnah3WSZQpwEMibcub4TC+uFpAmYwb/RbduvyS50m58J0Tgu1IUekHQ4917p6BRWCh/S9D7Z2Hz2/MXLre3Wq9dv3r5rv98586ZySCM00riLAjxJoWkURJB0YR2BKi SdF7OvTf38hpwXRp+GuaWxgmstSoEQopTnM7AWci8Uz67anbR3eLDfH+zztJemw6yfNaQ/HOwNeBaVBh22wslV+yGfGKwU6YASvL/MUhvGdWHMbNHKK08WcAbXdBmpBkV+XC8NL/inqEx4aVxcOvCl+vdEDco3Fd+NREGYdpvN+XIp+LkqmjNMVRc8KsC152qUFL9M5T8mQnkwroW2VSCNTx7KSvJgeBMMnwhHGOQ8EkAngkCOU3CAIca3fj9oJLloxcD+pML/T876vWyvl34bdI6+rKLbYh/YR/aZZWzIjtgxO2Ejhsyy7+wH+5n8Sm6Tu+T3U+tGsprZZWtI7h8B52Wkag==</latexit>
Figure 4: A roughly sketch of the form of the probe
D5-brane
is shown in eq.(1). The development of this term is
1
T5
dSD5
dt
= −(4pi)2
√
1 + κ2
∫ rh
0
dr(sin2 ϑ)r2
(√
1 + r2ϑ′(r)2f(r)−Kr2ϑ′(r)
)
. (17)
K = 0 case When there is no gauge flux, the above integral is simply,∫ rh
0
drr2 =
1
3
r3h, r
2f(r) = r4 + r2 − r2m = 0; r2h =
1
2
(−1 +
√
1 + 4r2m). (18)
Then the time development of the action in this case is
1
T5
dSD5
dt
= −4
√
2pi2
3
(−1 +
√
1 + 4r2m)
3/2. (19)
This corresponds to the result for no flux ((4.13) of [23]). For large masses, this behaves like
dSD5/dt ∝ r3/2m ∝M3/4.
We confirmed that our approach gives the same result to the previous works for k = 0. On
the other hand, for k 6= 0 case, we know from the result of section 3 the prove D5-brane does
not exist in the inner of the horizon. Then we can see in eq.(17) the existence of this probe
brane does not affect the growth of complexity because it is integrated inside of the horizon
(0 ≤ r ≤ rh).
5 Fundamental string
We consider a fundamental string whose one side sits on the interface and the other side extends
to the AdS boundary with the latitude angle ϕ0. We parametrize the string worldsheet by
coordinates (τ, σ). We consider a static string then the embedding is expressed by
X0(τ, σ) = t(τ),
X1(τ, σ) = r(σ) = 1/z(σ),
X2(τ, σ) = ϑ(σ) =
pi
2
− ϕ(σ),
Xµ(τ, σ) = 0 (3 ≤ µ ≤ 9), σ ∈ (0, σ1). (20)
6
Figure 5: Penrose diagram of the AdS black hole. The blue diagonal lines represent
the black hole horizon. (left) The shaded rectangular region represents the Wheeler-
de Witt patch (WdW). (right) Two WdW in different left CFT time tL. The regions
1,2,3 and 4 represent the difference of these two patches. The contributions from
regions 2 and 3 cancel. The contribution from region 4 becomes smaller as time
develops. Then the integration over only the region 1 is relevant for our analysis
Denoting the form of the D5-brane as ϕ = S(z), the boundary conditions at the both sides are
σ = 0 : ϕ(0) = ϕ0, ϕ
′(σ)
∣∣
σ=0
= 0, (21a)
σ = σ1 : ϕ(σ1) = S(z(σ1)), S
′(z)ϕ′(σ)
∣∣
σ=σ1
+ z′(σ)
∣∣
σ=σ1
= 0. (21b)
These mean we imposed the Neumann boundary condition along the boundary of AdS5 and the
Dirichlet boundary condition for its transverse direction. 2
The Polyakov action is, by denoting the derivative by t as ˙ := ∂/∂t and σ as ′ := ∂/∂σ,
SP =
1
4piα′
∫
dτdσ
√
hhab∂aX
µ∂bX
νgµν
=
1
4piα′
∫
dτdσgµν(X˙
µX˙ν +X ′µX ′ν)
=
1
4piα′
∫
dτdσ
[
f(r)t˙2 +
r′2
f(r)
+ r2ϑ′2
]
, (22)
where in the second equality we chose the conformal gauge h = diag[1, 1] and the third equality
2 These boundary conditions are obtained as follows. First the Dirichlet boundary conditions at both sides are
ϕ(0) = ϕ0, ϕ(σ1) = ϕ(z(σ1)) =: ϕ(z1).
The remaining conditions, the Neumann boundary conditions, are the condition for the string to be perpendicular to
the boundary. Then, at σ = 0,
dϕ
dσ
∣∣∣
σ=0
= 0.
At the other end, the string is perpendicular to the D5-brane whose embedding is ϕ = S(z). Therefore, the condition
under which the D5-brane and the string meet perpendicularly gives
dS
dz
dϕ(σ)/dσ
dz(σ)/dσ
= −1, dS
dz
dϕ(σ)
dσ
+
dz(σ)
dσ
= 0.
7
we used the Euclidean version of the AdS black hole metric (2):
ds2AdSBH = f(r)dt
2 +
dr2
f(r)
+ r2dΩ23 + dΩ
2
5,
f(r) = 1− r
2
m
r2
+ r2, r2m =
8M
3pi
, dΩ23 = dϑ
2 + sin2 ϑ(dψ21 + sin
2 ψ1dψ
2
2). (23)
The equations of motion for variables, t, ϑ and r, are
t¨ = 0, t = τ ; 0 =
d
dσ
(∂ϑ′L)− ∂ϑL = d
dσ
(2r2ϑ′), ϑ′ =
L
r2
;
0 =
d
dσ
( 2r′
f(r)
)
−
(
f ′(r)t˙2 − r
′2f ′(r)
f(r)2
+ 2rϑ′2
)
=
2r′′
f(r)
− f ′(r)− r
′2f ′(r)
f(r)2
− 2L
2
r3
. (24)
The last equation is by multiplying r′,
(r′2)′
f(r)
−r′f ′(r)+r′2 d
dσ
1
f(r)
− 2L
2r′
r3
=
d
dσ
( r′2
f(r)
−f(r)+ L
2
r2
)
,
r′2
f(r)
−f(r)+ L
2
r2
= const. (25)
This constant is determined by the following.
Virasoro constraint The energy momentum tensor is
Tαβ = ∂αX · ∂βX − 1
2
hαβh
γδ∂γX · ∂δX = 0. (26)
Here we chose the conformal gauge then h00 = h11 = 1. Each component gives the Virasoro
constraint:
0 = T00 = ∂0X · ∂0X − 1
2
(∂0X · ∂0X + ∂1X · ∂1X) = 1
2
(∂0X · ∂0X − ∂1X · ∂1X),
0 = T11 = ∂1X · ∂1X − 1
2
(∂0X · ∂0X + ∂1X · ∂1X) = −T00.
Then the Virasoro constraint for our problem is
0 = ∂0X · ∂0X − ∂1X · ∂1X = f(r)t˙2 − r
′2
f(r)
− r2ϑ′2 = f(r)− r
′2
f(r)
− L
2
r2
. (27)
Then the constant in equation (25) is determined. By solving it for r′, we obtain
r′ = −
√
f(r)
(
f(r)− L
2
r2
)
, (28)
where we choose the minus sign since our parametrization. By the Virasoro constraint obtained
above, the Polyakov action is rewritten as
dSP
dt
=
1
4piα′
∫ ∞
r1
dσ
[
f(r) +
r′2
f(r)
+ r2ϑ′2
]
=
1
2piα′
∫ ∞
r1
dσf(r). (29)
K = 0 case For simplicity we consider the case where there is no flux. We would like to
consider the situation where the string ends on the D5-brane outside the horizon. The abstract
form of the string is depicted in Figure 6. In this case ϕ(z) = S(z) = 0, then S′(z) = 0. The
boundary condition (21) is simplified as
ϕ(0) = ϕ0, ϕ(σ1) = 0,
dϕ
dσ
∣∣∣
σ=0
= 0,
dz
dσ
∣∣∣
σ=σ1
= 0. (30)
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From this boundary condition
dr
dσ
∣∣∣
r=r1
= −
√
f(r)(r2f(r)− L2)
r
= 0, ∴ L2 = r21f(r1). (31)
Since the string now exists outside the horizon f(r) ≥ 0, then
SP =
T
2piα′
∫ ∞
r1
dr
√
r2f(r)
r2f(r)− r21f(r1)
. (32)
We also define the following action in the case where there is no probe D5-brane and the string
directly enters the horizon (Figure 6).
SP0 =
T
2piα′
∫ ∞
rh
dr, (∵ L = 0), rh =
−1 +√4r2m + 1
2
< r1. (33)
Since the integral (32) diverges, we define the effect of the probe D5-brane by subtracting the
action (33),
2piα′
T
∆SP =
∫ ∞
r1
dr
√
r2f(r)
r2f(r)− r21f(r1)
−
∫ ∞
rh
dr =
∫ ∞
r1
dr
(√
r2f(r)
r2f(r)− r21f(r1)
− 1
)
− r1 + rh.
(34)
By the integration, ϕ0 is obtained as a function of r1 as (Figure 8)
dϑ
dr
=
−r√
r2f(r)(r2f(r)− L2) , ϑ =
pi
2
−
∫ ∞
r1
rdr√
f(r)(r2f(r)− L2) ,
ϕ0 =
∫ ∞
r1
rdr√
(1 + r2 − r2m/r2)(1 + r2 + r21)(r2 − r21)
. (35)
The result of the numerical calculation is shown in Figure 9.
This behavior of the potential function for different positions of string’s edge is shown in
Figure 9. The horizontal axis is the location of the string’s edge at the boundary. φ0 represents
the location of the interface. In this figure the negative values region is only valid. If the value
of the action ∆Sp exceeds zero, a phase transition occurs and the string directly goes into the
black hole (Figure 6). We can see that for larger black holes the transition point becomes small
and the transition becomes likely to occur.
6 Summary and discussion
In this paper we treated the interface which is a co-dimension one object realized by the probe
D5-brane in AdS black hole spacetime. We obtained the interface solution in the AdS black
hole spacetime by the numerical calculation. The boundary condition at infinity is given in the
same way for the AdS5×S5 case imposed in [1], that is, the effect is the black hole is neglected
and approximated by the flat case solution. Approaching the black hole, the D5-brane is bent.
The behavior of the D5-brane changes according the strength of the flux in the same as the
flat AdS case. The whole behavior can be seen in Figure 4. A new result of this research is
the transparency of the black hole horizon, that is, the probe brane enter the horizon only the
case where the brane has no gauge flux and if the brane has non-zero gauge flux then it bends
tightly to avoid the horizon.
For the case which has no flux we also calculated the quark-interface potential. This is a
correlation function between a local object (a quark) and a nonlocal object (interface or defect).
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Figure 6: A fundamental string ending
on the D5-brane
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Figure 7: Polyakov action as a function of r1
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Figure 8: r1 dependence of ϕ0
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Figure 9: Polyakov action as a function of ϕ0
This is given by the action of the fundamental string connecting the D5-brane and the boundary.
Since this action diverges, we defined the effect of the interface by subtracting the action which
does not have the interface. We obtained the effect of the interface as a function of the position
of the string endpoint which represent the particle at infinity. It has phase transition because
of the selection of the smaller energy. This behavior is shown in Figure 9. The horizontal line
represents the distance from the interface. In this figure effective values are on the negative
region. If the value of the action ∆Sp exceeds zero, a phase transition occurs and the string
directly goes into the black hole (Figure 6). For larger black holes, the transition point of φ0
becomes small.
For a future work we are interested in a moving defect [24] or not stationary case. For ex-
ample, the black hole can have the angular momentum or the interface may be time developing.
In these cases there is a possibility that the probe brane enter the horizon and have an effect to
the black hole interior. Then in this case this is related to the problem of complexity because
its time development is calculated in the Wheeler-DeWitt (WDW) patch including the inner of
the horizon.
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